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ABSTRACT: We represent a reflecting medium as a stack of weak elastic scatterers embedded in a background medium of
known elastic characteristics. The superposition of the backscattered wave field   from this volume of scatterers  observed at a
receiver leads to specular reflection.  Under Born formalism, this process linearizes the wave field with the resulting approximate
reflection coefficient a simple function of scattering characteristics of the scatterers. We use the method of stationary phase to
evaluate the Born integral. To test the validity of the concept, we derive the expression for the linear reflection coefficient for a
horizontal interface separating two isotropic half spaces. Finally, we derive the expression for linear reflection coefficient for an
interface separating an isotropic media from another transversely isotropic half space with tilted axis of symmetry. Our numerical
results demonstrate that neglecting the dip of symmetry axis  results in significant error in amplitude versus offset and azimuth
analysis specially if the symmetry axis has moderate dips.

INTRODUCTION

Variation of seismic wave amplitude with offsets and
azimuths (AVOA) is a common occurrence in sedimentary
rocks with anisotropic elastic behavior. A common cause of
anisotropy in sedimentary rocks, besides periodic layering
of thin sediments of different types, is the incipient fractures.
A set of parallel vertical fractures causes the medium to
behave as horizontal transversely isotropic exhibiting AVOA.
The approximate reflection coefficients, in this case, bear a
simple relationship with weak elastic and weak anisotropic
parameters ( Ruger, 1998) as well as the angle of incidence
and the azimuth of the seismic line with respect to the fracture
strikes. On the other hand, if the fractures are near horizontal,
the effective medium exhibits vertical transverse anisotropy
with no dependence of reflection coefficient with the azimuth
( Thomsen, 1986 ) For moderately dipping fractures, the
effective medium behaves as a transversely isotropic medium
with tilted axis of symmetry (TTI). To the best of the authors’
knowledge, no analytical expression for the approximate
reflection coefficient exists to estimate the dip of the fracture
planes and other anisotropy parameters from investigation
of AVOA over such a medium.

Conventionally, expressions for approximate
reflection coefficients are obtained through linearization of
the exact reflection coefficients which involves a tedious
algebraic process often attempted with symbolic manipulation
software only. In this work we use the theory of scattering to
compute the reflection coefficients over a layered medium
with dipping fractures. To meet the objective, we assume
that the fractures induce a weak anisotropy in the otherwise

isotropic medium. We describe the weak anisotropic medium
as a combination of a weak elastic medium in which are
embedded scatterers with anisotropic scattering
characteristics. The energy of an elastic waves propagating
through the medium gets scattered in all directions. At any
receiver the superposition of the back scattered waves arriving
at any time gives rise to the reflected wave amplitudes.

Using the above concept, we derived an approximate
relation representing the AVOA over a layer with incipient
dipping fractures. Our numerical results demonstrate that
neglecting the dip of moderately dipping (30°-60°) fractures
lead to significant errors in estimating the weak anisotropic
parameters through AVOA.

THEORY

The nth component of the scattered elastic wave field
observed at a receiver x

r
 at time t is given as (Cerveny, 2001)

(1)

where ∆c
ijkl

 and ∆e represent weak elastic and weak
density perturbations respectively  over the corresponding
background values and G

ni
0(x´,t;x

r
) represents the Green’s func-

tion in the background medium. The volume υ encompasses
all the scatterers.  Equation (1) is known  as the Born integral.

We use ray theoretic Green’s functions in the Born
integral. In view of rapidly oscillating phase of equation (1),
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we use the method of stationary phase to evaluate it.  We found
that for an interface separating two half spaces with different
density/ elastic properties differing by first order only, equation
(1) reduces to the form

∆u
n
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r
,ω,x

s
) = G

n
(x

r
,ω,x

s
)R(i)      (2)

where R(i) is the approximate plane wave reflection
coefficient for an incidence angle i. Thus, the reflection coef-
ficient relates to the scattering functions S(r

0
) through the fol-

lowing simple equation

     (3)

with

    (4)

is the value of the scattering function corresponding to the

stationary / critical point or = r  of (1).  Here p and g represent

the slowness and polarization vectors respectively.

Thus, the knowledge of perturbations in elastic
parameters and density over a background medium facilitates
linearization of reflection coefficients for various modes, viz.,
PP, PS etc.

PP  REFLECTION COEFFICIENTS

We use the procedure described above to derive the
approximate PP reflection coefficient over (i) an interface
separating two isotropic half spaces and (ii) an interface
separating an isotropic half space from a transversely
isotropic half space with tilted axis of symmetry.

ISOTROPIC MEDIUM

If both the background and the reflecting media are
isotropic, then the perturbation in the elastic stiffness tensor
is

(5)

where ∆c
33

 and ∆c
55 

are the perturbations in the cor-
responding elastic parameters namely the Lame’s parameters,
in this case.

 We substitute  (5) into  (4) to obtain

which corresponds, from equation (3),  to a reflection
coefficient given by

(6)

where α
0
, Z

0
 and G

0
 represent the P-wave velocity,

P-wave impedance and shear modulus in the background
medium and ∆α, ∆Z and ∆G represent the corresponding
perturbations. If we consider a background medium with
density and elastic parameters as the average of the
corresponding values in the two media, equation (6) is exactly
the same as the linearized PP reflection coefficient for
isotropic media given in Aki and Richards (2002).

TTI MEDIUM

We obtain the elastic stiffness tensor for a
transversely isotropic medium with a symmetry axis inclined
at angle θ in x

1
-x

3 
plane through the Bond transformation as

(7)

where the primed quantities denote elastic
parameters in the rotated coordinate system.

We represent the TTI medium to consist of the
superposition of a  background isotropic medium with
stiffness c´
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 and c´
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 and the following  anisotropic medium:
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Substituting  (7) and (8) in (4) and the results in (3), we obtain

(9)

where

(10)

R (i, ) =        (Cos -sin )-( - )(Cos +sin )sin +4   cos sin ipp
ani 2 2 2 2 2 2φ ψ θ ε δ ψ θ θ   γ ψ  2δ

2
β2

0
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0

+      (Cos -sin )+( - )(Cos +sin )  sin +4  sin itan iδ ψ θ ε δ ψ θ θ2 2 4 4 2 221
2

(11)

Here φθ=ψ coscoscos  (Fig. 1) is the cosine of the
angle between the seismic line and the symmetry axis of the
weak TTI medium measured in the plane containing these lines
and ε, δ and γ are the Thomsen’s anisotropic parameters for a
HTI medium (Vavrycuk and Psencik, 1998). Note that for θ=0,
cosψ=cosφ and equation (11) reduces to the reflection coeffi-
cient for a HTI medium with a symmetry axis along x

1

direction.

dip of the symmetry axis. This implies that neglecting the dip
of incipient fractures in AVOA analysis may lead to appre-
ciable error in quantifying the fractures.
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Figure 1 : Tilted transverse isotropy (TTI) : the symmetry axis of
the medium is tilted by an angle θ with x

1
 axis in x

1
-x

3

plane

Figure 2 (b) The approximate reflection coefficients of a TTI
medium with dip 30°.

Figure 2 (a) The approximate reflection coefficients of a HTI
medium.

RESULTS AND DISCUSSIONS

We consider a horizontal interface separating an iso-
tropic overburden with α, β and ρ 4.0 km/s, 2.3 km/s and
2.65 gm/cc respectively from a HTI medium with the corre-
sponding values 3.0 km/s, 2.0 km/s and 2.60 gm/cc. The weak
anisotropic parameters of the underlying HTI medium are -
0.19, -0.24 and 0.127 for ε, δ and γ respectively.  The HTI
medium has the symmetry axis along x

1
 direction. The AVOA

for reflections from this interface is shown in figure 2a. We
now rotate the symmetry axis of the HTI medium clock
wise by 30o . Figure 2b depicts the AVOA for this situation
showing significant change in the reflection coefficient of TTI
medium from the corresponding HTI medium for a moderate


